THE WEAK TOPOLOGY OF A BANACH SPACE

BY
H. H. CORSON

1. Introduction. The purpose of this investigation is to find criteria or
techniques which can be used to determine whether or not a given Banach
space B under its weak topology has any of the usual topological properties.
By usual properties I mean those which appear in either J. L. Kelley's, or
Bourbaki’s, treatment of topology(?).

The past results of this kind have dealt, to a large extent, with compact-
ness. For example, Eberlein and Smulyan have proved the equivalence of
various tvpes of weak compactness, and there is Banach’s theorem which
characterizes reflexivity in terms of the weak compactness of the unit sphere.
The theorems in this paper were suggested by these, and I give answers, or
partial answers, to the following two questions.

The first question is: What are the special properties of a Banach space B
which is generated by a weakly compact, or weakly ¢-compact, subset? (A
set is o-compact if it is the union of countably many compact sets.) Only a
partial answer is given to this question. Also, a conjecture is formulated at
the end of this introduction. However, it is not difficult to see that B is
spanned by a weakly compact subset if and only if it is spanned by a weakly
g-compact subset. Hence only the latter case need be discussed.

The immediate consequences of past results are these. First, it follows
from Banach's theorem on reflexivity and a category argument that B is
weakly o-compact if and only if B is reflexive. Second, B has a weakly dense
countable subset if and only if B is separable under its norm.

In §2 two special classes of Banach spaces which are spanned by weakly
o-compact subsets are studied. These are the spaces of continuous complex
valued functions Co(X) which vanish at infinity on a locally compact metric
space X, and the spaces L, of complex valued functions which are integrable
with respect to some finite measure on some set. In the case of Co(X) it is
proved that Co(X) is weakly Lindeldf. Although the same seems to be true
for Ly, only this is proved: If L, is the space of Haar integrable functions on
a compact group G, then L, is Lindelsf under the weak* topology, where L,
is considered as a subset of the linear functionals on C(G)(?).

The second question is: When is B under its weak topology topologically
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complete? (That is, when is B under its weak topology homeomorphic with
a closed subset of a product of metric spaces? Or equivalently, when is there
a complete uniformity for B consistent with the weak topology?) It is known
from a theorem of A. Weil that, for closed subsets of such spaces, countable
compactness is equivalent to compactness, and Grothendieck has pointed out
the important role that this plays in his extension of the Eberlein theorem
which was referred to above. It is proved in §3 that B is weakly topologically
complete if and only if every function on B* which agrees with an element of
B on each countable subset of B* is, in fact, an element of B. This result is
used in §4 to prove that the space of bounded sequences modulo the null
sequences is not weakly topologically complete.

These theorems seem to support the conjecture that: B is spanned by a
weakly compact subset if and only if B is weakly Lindeldf. Furthermore, it
will be seen from the results in §3 that the apparent concentration of interest
on compactness is actually due in part to the fact that so many properties,
such as normality and paracompactness, seem to occur only in the presence
of compactness.

As a final application of these theorems, it is shown in §4 that certain
projections do not exist. The results of this paper are applicable because the
existence of a projection implies a weak homeomorphism which is shown to
be impossible.

2. The spaces L; and Cy(X). Before stating the main lemma on which all
the theorems of this section depend, it is necessary to introduce some notation
and terminology.

Let Co(X) denote the continuous, complex valued functions which vanish
at infinity on the locally compact space X. If X is also a metric space, then
it is known that X=U{X.,:~/€I‘}, where X, is open and separable and
X,NXg=& for y#B [11, 6T]. Of course this decomposition of X is usually
not unique. However, for a particular decomposition, for I'CI', and for
fECu(X), let f/T; be the function which is equal to f on U{X,: v€ET} and
which is zero otherwise. (If I'y has only one member v, then f/ {'y} will be
written f/v.) Also 4/Ty={f/T1:fEA}, for ACCo(X). A subset 4 CCo(X)
will be said to be almost invariant under projection if, for some decomposition
{X,:YET}, there is a collection {T'.: €2} of countable subsets of I' such
that: (P) Each countable subset of I' is contained in one of the I',, and
I,,CT,,C - - - implies that 4/U{T,;:i=1, 2, - - - } CA4. (Co(X) has this
property. Also, see Lemma 3.) One can check that, if one decomposition
works for 4, so will any other.

It is a familiar fact that Co(X) is a Banach space under the norm ||f]|
=sup{|f(x)|:xEX}. A subset A4 of Co(X) will be called w-compact,
w-Lindelof, or w-normal if 4 is compact, or Lindelsf, or normal, as a subset
of Co(X) under its weak topology. Using this terminology, the principal
lemma reads:
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LEMMA 1. Assume X 1is a locally compact metric space. Then any A C Co(X)
which is almost invariant under projection is w-Lindelif.

Proof. To begin with, remember that the set M(X) of continuous linear
functionals u on Co(X) can be represented as the finite, regular Borel (complex)
measures on X such that u(f) = [fdu for all € Co(X) [9, §56]. Let { X,: 'yEI‘}
be a decomposition of X, fixed once and for all, such that {T,:¢&€Z} has
property (P). Then denote by N the set of u& M such that the support of u
is contained in some X, and ||u|| 1. (The former is equivalent here to the
statement that for each uEN there is a vy such that u(f) =u(f/y) for all
FECu(X).)

Using this information, a slight, preliminary reduction will be made.
Notice that, instead of all continuous linear functionals on Co(X), one may
concentrate on N. Thisis true because, on the unit ball S= {f€ Co(X): ||f]| 1},
the weak topology is the same as the weakest topology such that each u€EN
is continuous. The latter statement follows from an easy computation based
on the fact that the set of linear combinations of elements of N is norm
dense in M. Also attention may be restricted to ANS because 4 is w-
Lindeldf if AMnS is w-Lindelsf for each integer #, and the argument for
ANnS is the same as the one for ANS. From now on, 4 will be written for
ANS.

Suppose that U is the cover of A for which a countable subcover must be
found. Let a fixed countable base ® = {N.: s=1,2,--- } be chosen for the
complex numbers. Then there is no loss of generality in supposing that for
each element UE AU there are chosen u;EN and N, E®, 1=1, - - -, n, such
that

U=luis] = f€ 4:im(f) ENii=1,- -, n},

since the collection of all such sets forins a base for the weak topology on S
as we have just seen.

Having made these simplifications, the proof will be interrupted in order
to establish a special case of Lemma 1.

SPECIAL CASE. Let I'y be a countable subset of I'. Assume that N=N,&E® is
Jixed with 0CN. Suppose that VCAU has this property: If [um: s.]E, and u:
has its support in X, with y& 'Ly, then Ny, D N. One can conclude from this that
a countable subset of U covers UV.

Proof of special case. Supposing that the statement above is false, an
inductive proof will be used to get a contradiction. Pick aVo= [u: s.]EV.
Let I'; be the set of Y&T together with the ¥y €I'\I'y such that the support of
one of the u; in the expression for V is contained in X,. I'\I'o is countable.
Notice that some countable subset U, of U covers UU/T',. The latter is true
because Co(X)/T': is a separable Banach space, and each subspace is there-
fore Lindelof. (Notice that, for each VE U, one has fEV if fEV/T1.)

Let U= { Vo}, and let V: be as above. Define I'; as the set of y&I'y,
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together with the set of y&I'\I'; such that the support of some u in the ex-
pression for some VEW, is contained in X,. I'; is countable because U: is
countable.

Using a similar argument at the nth stage of the induction, one may choose
I, Ty, - -+ and Uy, Vs, - - - such that V;CVisa countable cover of UV/T_,
and T'; is the set of y&T';_,, together with the yEI'\I';_; such that some u in
the expression for some VEQ; has its support in X,. Each I'; is countable
since each U is. . '

Since the statement has been assumed to be false, there is an fEU® such
that f is not a member of any V which is in a V.. However, for each 1, f/T'i1
is a member of V;E U, for proper choice of V;. Hence for some v;EI'; and
some g in the expression for V;, u(f)E€’'N, since f€’V:. Since ||f|| <1 and
llull =1, this implies that there is an ¢>0 independent of ¢ and %:EX,, for
each 7 such that I f(x.~)| >¢. Hence f does not vanish at infinity.

Now, back to the proof of Lemma 1. Let I'y be a countable subset of T'
such that I'y=T, for some ¢ ©2. (See the definition of almost invariant under
projection.) Choose a fixed countable base ®o for C(X)/T'. (This is a counta-
ble base for the norm topology. The weak topology will usually not have one.)
For each BE®,, let U be the set of all UEU such that U/T'yDB. Let Vs,
be the set of V &€ Vp such that V/y D N,, for each y € I'\I'y, where
{N,:i=1,2, - - - } C®is a fixed base at 0 for the complex numbers. By the
special case there is a countable ‘Wz ;C Us,; such that Wp,; covers UVs,..

Let T, contain the set of Y&y, together with the y EI'\I'g such that X,
contains the support of some p in the expression for some

VEU{WB,a 1=1,2,---; BE(BO}. Also suppose that It =T, for some ¢ EZ.
T'; is countable since each Wp,; is, and the induction may be continued as
above to find ®g, ®1, - - - and Ty, 'y, - - - with the following properties.

(1) For each n, I',_1CT', and I', is a countable subset of I such that I'n=T,
for some o €Z. (2) ®, is a countable base for Co(X)/I's. (3) T, contains all
such that X, contains the support of some p in the expression for some
VGU{‘WB,.':i=l, 2, BE(B,._l}, where (4) Wp,; is defined as above.
That is, Wg,; covers UUp,; and is countable. (Notice that Ug,; also depends
on n, since B does.)

Finally, one may see that ‘W (the set of V such that V is a member of
some Wg; t=1, 2, - -+ - and BE®,) is a countable subcover for U. W is
countable since each W3 ; is countable; and W CU. Hence it is only necessary
to check that W is a cover for A. This is where one utilizes the properties of
the T', which follow from the assumption that A is almost invariant under
projection.

To show W covers 4, let fEA. Then g=f/U{T.:n=1,2, - - - } €4, and
it suffices to show that g is in some UE& W because, by the construction of W,
fevew if gis. Now g& U, for some UyEU. (Here we use the assumption
that U is a cover.) Suppose Uo= [u1: 5. ], then if the support of u; in the ex-
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pression for Us is in X, for yE'U{T.:n=1, 2, - - - } it follows that the cor-
responding N,, must be a neighborhood of 0 for the complex numbers.
Hence one of the NV,; (the fixed collection of neighborhoods of 0) is contained
in all the N,; where p, is as above. Also one may pick an integer p such that, if
the support of a u; in the expression for U, is contained in X, for
yEU{Ta:n=1,2, - - - }, then y€T',. Let BE®, such that g&€B and B C U,.
Then UyEVs,;. However, Wz ; covers UVp,; and so fE UE W3, ;. This com-
pletes the proof.

Since Co(X) satisfies the hypothesis of Lemma 1, Theorem 1 below is an
immediate consequence.

TrEOREM 1. If X s locally cbmpact and metrizable, then Co(X) is w-
Lindeldf.

Perhaps this theorem is best translated into the language of the norm
topology in the following way. (Recall that a collection of subsets of some set
has c.i.p. if each countable subcollection of K has a nonempty intersection.)

CoROLLARY 1. If X s a collection of closed, convex subsets of Co(X) and if
X has c.i.p., then NX#= K.

Proof. Each K& X is w-closed by Mazur's theorem [6, p. 22]. Hence, if
Co(X) is not covered by the complements of countably many K, it is not
covered by all their complements.

For locally compact X, it is not true that Co(X) is Lindeldf only if X is
metrizable. However, there is a partial converse to Theorem 1 which deals
with the case that X is a locally compact group. First, a lemma is needed
which tells us that, for compact X, Co(X) has a large subset which is w-
discrete. (That is, it is w-closed in Co(X) and w-discrete ‘in its relativized
w-topology.)

LEMMA 2. Let X be a compact group. Then the set of characters of X is w-
discrete in Co(X) = C(X). Also the set of real parts of the characiers is w-discrete.

Proof. This follows from the orthogonality relations satisfied by the char-
acters [15, p. 78].

TuroreM 2. If X is a locally compact group, then the following are equiv-
alent.

(1) Co(X) 1s w-Lindelof.

(2) Co(X) is w-normal.

(3) X 1s metrizable.

Proof. (1) implies (2) since every Lindeldf space is normal [11, 5Y].
(3) implies (1) by Theorem 1.

To prove that (2) implies (3), suppose that X is not metrizable. Then it
is easy to see that X contains a compact subgroup G which is not metrizable,.
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(For instance, this follows from the assumption that X is locally compact
and the fact that a topological group X is metrizable if and only if X satisfies
the first axiom of countability [11, p. 186].) If G is not metrizable then it has
an uncountable number of characters with distinct real parts. (This can be
concluded from the above facts, the knowledge that the irreducible repre-
sentations separate points in G, and the fact that different classes of irreduci-
ble representations have different characters [15, p.7 8].) Therefore Lemma 2
implies that R(G), the set of real parts of the functions in C(G), has an un-
countable w-discrete subset. It follows that Ro(X) has an uncountable w-
discrete subset. Since Co(X), in its weak topology, is homeomorphic to
Ro(X) X Ro(X), where each copy of Ro(X) has the relativized weak topology,
it remains to prove that this can not happen if Co(X) is w-normal. This fol-
lows from Lemma 7 in the next section, which completes the proof.

From what was said in the introduction one is led to conjecture that L,
is also w-Lindeldf, where L, denotes the Banach space of complex valued
functions on a set G which are integrable with respect to some finite measure
v. (In fact, it is easy to see that L, is spanned by a o-compact subset.) Al-
though I have been unable to prove this conjecture, the next theorem shows
that L, is Lindeldf in a natural topology which is weaker (coarser) than the
weak topology (for a special class of L,). However, first let us recall some
definitions.

If G is compact, then M(G) the finite, regular Borel measures on G is
the adjoint space of C(G), as has already been noted. By the weak* topology
on M(G), one means the weakest topology on M(G) such that each f& C(G)
is continuous, where f is now considered as a linear functional on M(G).
Theorem 3 concerns the measures u which are absolutely continuous with
respect to Haar measure v. That is, »(E) =0 implies u(E) =0 for ECG. (For
Haar measure, see [9, Chapter XI].)

THEOREM 3. Let G be a compact group. Then the collection of measures
which are absolutely continuous with respect to Haar measure s weak* Lindelof.

Proof. It is known that the set of linear combinations of the entries of the
irreducible, unitary representations is uniformly dense in C(G) [15, p. 78].
It then follows from an elementary calculation that, on any sphere S of M(G),
the weak* topology is the same as the weakest such that each such entry is
continuous. For convenience, suppose S is the unit sphere of M(G).

The set of measures in .S which are absolutely continuous with respect to
Haar measure corresponds, by a mapping which preserves norm, to the unit
sphere T of L, [9, §32]. The topology on T which is induced by the char-
acters is the same as the weak topology on the collection 77 of Fourier trans-
forms of elements of 7', where T is considered as a subset of Co(G™) and
G~ is the set of entries of a fixed total set of unitary representations of G.
(The Fourier transform of f&€L, means that function f~ on G™ such that
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f~(m) = [fmdy, mEG™.) From these considerations one sees that it only re-
mains to show that 7 is almost invariant under projection.

LEMMA 3. T is almost invariant under projection. (If G is abelian, what is
proved is this: fELy, F~ a countable subgroup of G~ implies that there is a
gE L, such that f~(x) =g~ (x) f xXEF ™ and g(x) =0 for xE'F™.)

Proof. Assume that H ™ is a countable subset of G™. If m;&H ™, let R; be
the unitary representation for which m; is an entry, and let F; be the kernel
of R;. Define FasN{F;:i=1,2, - - - }. Since F is a compact subgroup of the
compact group G, one may choose an invariant measure o on F and an invari-
ant measure B on G/F such that, for all fEL,, [Tfd8=[fdv where Tf(x)
= [f(xy)da(y) [15, p. 45]. Let (G/F)™ be the set of all mEG™ such that F is
contained in the kernel of the representation for which m is an entry. For
f€&L,, one may consider Tf to be a function in L, of G.

We wish to show first that either m&(G/F)™ or Tm=0. However, note
that, by [1S5, p. 76] G™ is an orthogonal basis for L, of G and (G/F)” is an
orthogonal basis for L; of G/F, the latter assertion being true because F is a
normal subgroup of G. Therefore, it will be sufficient to prove that T is an
orthogonal projection in L; of G. Since T is clearly a projection, it is sufficient
to prove that T is self adjoint, and this may be verified by using the Fubini
theorem and the fact that a and B are invariant.

Using the fact that either m&(G/F)™ or Tm=0, it is easy to verify
that, for fEL, of G, Tf(m)=0 if m&’(G/F)™ while Tf(m)=f(m) when
m& (G/F). Therefore let {T,: ocEZ} be the set of all countable (G/F)™ for
F a normal closed subgroup of G. By the above computation each countable
subset of G is contained in some I';, s €Z. To complete the proof, therefore,
it is sufficient to show that, if T,,CI,,C- - -, 0:€Z, then U; Ty, =T, for
some ¢&2. This may be verified using the compactness of G and the fact
that the range of each representation has no small subgroups. This completes
the proof of Lemma 3 and, consequently, of Theorem 3.

The following corollary gives some idea of what Theorem 3 implies about
Ly in the norm topology. Also, compare it with Corollary 1 above.

CoOROLLARY 2. If a collection S of closed spheres in Ly has c.1.p., then NS = .

Proof. L, is isometric to the collection referred to in the statement of
Theorem 3, as noted in the proof of that theorem. Hence, each closed sphere
in L, is weak™* closed, and the proof used for Corollary 1 applies.

ReMARKs. (1) I do not know if w-Lindeldf is implied by the property in
Corollary 1, nor the answer to the analogous question suggested by Corol-
lary 2.

(2) Itfollows from a category argument, together with the Krein-Milman
theorem, that most L, are not o-compact in any locally convex topology
which is weaker than the norm topology and for which the unit sphere is
closed [6, p. 81, (5)(e)].
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(3) Although the converse of Theorem 1 is not true, some information in
this direction can be derived from Theorem 2, even for spaces which are not
groups. Asan example of how this can be done, see the proof of Example 1, §4.

3. General theorems. The material in this section is motivated by three
known facts. First, a (real) Banach space in its weak topology is homeo-
morphic in a natural way to a dense subset of a product of copies of the real
numbers [6, p. 6]. Second, it is a closed subspace of a R(X) for compact X,
where R(X) is given the topology of pointwise convergence. (Because the
unit sphere of the adjoint of a Banach space is w*-compact [6, p. 19].) Third,
completeness is an important consideration in connection with Eberlein’s
theorem on w-compact subsets [8]. In the next lemma a simple fact is isolated
which allows us to extend two theorems on product spaces so that they apply
to dense subsets, and consequently to the weak topology. '

LEMMA 4. Let A be a dense subset of a topological space B. If { U,: 'yEI‘}
is a disjoint collection of open sets in A, then there is a disjoint collection of open
sets { Vy: 'yeF} in B such that V,DO U, for each yET.

Proof. For each yET, pick any open V,(CB such that U,=V,MNA. The
collection of V, has the required properties since 4 is dense in B.

Before going on, a warning must be given here. The reader will want to
check that Lemmas 5, 6, 7, 8 and 9 are valid for any dense subspace of a
product of real lines. This is used in the proof of Theorem 4. The proofs of
these generalizations are exactly the same as the proofs of the corresponding
lemmas. .

Now, recall that a topological space B is paracompact if each open cover
U of B has a locally finite refinement V. (That is, each V&7 is contained in
some UE1, and for xEB there is a neighborhood N of x such that only a
finite number of the ¥V meet N.) It is known that a Lindeléf space is neces-
sarily paracompact.

LEMMA 5. If a Banach space B is w-paracompact, then B is w-Lindeldf.

Proof. It is known that a paracompact space is Lindeldf if every metric
space which is a continuous image of it is separable. (For instance, this fol-
lows immediately from [4].) This condition will obviously be satisfied if each
disjoint collection of open sets is countable. This is known to be true for a
product of copies of the real line [14], and hence it is also true for B in the
weak topology by Lemma 4.

The next few lemmas give an indication of how near to being w-para-
compact certain B are. (See [11, Chapter 5] for definitions, as well as proofs
that paracompact spaces have the properties referred to in these lemmas.)

LEMMA 6. Let E denote a w-dense subset of a Banach space B under the weak
topology. Then the collection of all the closed neighborhoods of the diagonal A in
EXE is a uniformity for E (compatible with the weak topology).
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Proof. This proof is similar to the proof of [5, Theorem 3]. To simplify
notation, the proof below is given for E =B, but the more general statement
follows similarly.

Let F be a closed neighborhood of A. Denote by B*# the space of all linear
functionals (continuous or not) on B*, the adjoint of B, where B*# is given
the topology of pointwise convergence. If U, is the interior of F and Us is the
complement of F, then Lemma 4 implies that there are V;DU; (1=1, 2),
with ViN\V,=J and each V; open in B*, It is well known [6, p. 12] that
B*# can be considered as the space of all functions F(E*) on a maximal lin-
early independent subset E* of B*. Hence if sE* is the topological sum of
two copies of E*, then B* XB* is the same as F(sE*). Since ViN V=g,
it is a consequence of [2] that there is a countable subset K* C E* with the
property: The restrictions V;/sK* of the V; (or the natural projections, in
another terminology) are disjoint (open) sets in F(sK*), the space of all func-
tions on K* under the topology of pointwise convergence. However, the col-
lection of all the neighborhoods of the diagonal in F(sK*) =F(K*) X F(K*) is
a uniformity for §(K*) because §(K*) is metrizable [11, p. 125] and Vi/sK*
is in this collection. It follows, as in [5], that F is in the strongest (largest)
uniformity compatible with the topology for B.

Let E» denote the topological product of % copies of E.

LeEMMA 7. If E is a w-dense subset of B and if E? s normal, then E has no
uncountable w-discrete subset.

(NotE. A paracompact topological space need not have the latter prop-
erty, but a Lindelsf space always does.)

Proof. Suppose E? is normal, and {x,: yET'} is a w-discrete subset of E.
Then Lemma 6 implies that the collection of all the neighborhoods of the
diagonal in E?is a uniformity for E. Under these conditions on E, it is proved
in [3] that E is collectionwise normal (see [1] for this term). In our case this
implies that there is a disjoint collection { U,:YET} of open subsets of E
such that x, & U, for y&T'. Hence I can not be uncountable, as we have seen
in the proof of Lemma 5.

The next sequence of results explain the introduction of the w-discrete
subspaces. (Also, notice that w-discrete subspaces were an important idea
in the proof of Theorem 2.) It will be seen how they enter into arguments
concerning completeness. Here completeness does not refer to the fact that
a Banach space is complete, although this is also important in this connec-
tion, but to the topological completeness of certain subsets of B in the weak
topology. (See the introduction for a definition of topologically complete.)
Since this term is sometimes used for various other properties, I will call such
an E which is w-dense in B real compact. This also might cause some slight
confusion, since the assertion that E is real compact ordinarily means that
E is complete in the uniformity U generated by continuous real valued func-
tions on E—were it not for the following result.
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LEMMA 8. A w-dense subspace E of B 1is w-topologically complete if and only
if E is w-real compact.

Proof. Lemma 8 is true in general, except for a mild cardinality restriction
[13]. In this case, however, suppose E is topologically complete. It is not
difficult to verify that it is sufficient to prove that each metric space which
is the continuous image of E is separable, since a separable metric space is
real compact [7]. This has already been noted in the proof of Lemma 5. The
converse is obvious from the definitions, hence the proof is complete.

Lemma 9 will characterize the B which are w-real compact in terms of the
following notions. On B¥, the adjoint of B, let the Now*-topology be the
strongest (finest) which agrees with the weak* topology on w*-separable sub-
spaces of B*. Then in B** let NR,B be all the Nyw*-continuous functions.

LEMMA 9. B is w-real compact if and only if B=N,B.

Proof. Suppose B is w-real compact and XEB**. For each countable
subset K CB*, let F(K) be the set of x& B such that f(x) = X (f) for all fEK.
If & is the collection of all such F(k), it will suffice to show & is a filter which
is Cauchy in the uniformity U defined by the w-continuous real functions on
B. In fact § is obviously a filter, and if § is Cauchy for U and x, is its limit,
then one easily verifies that X =x,&B.

To show that F is Cauchy for U, let ¢ be a w-continuous real function on
B. For each rational number r, let L,= {xeB 1o(x) <r}. Similarly, let
U= {xEB:¢(x)>r}. Lemma 4 is used to find V(L,) and V(U,), disjoint
w*-open sets in B* such that V(L,) DL, and V(U,) D U.,. By [2] it is possible
to find a countable subset K,CB* such that V(L,)/K, is disjoint from
V(U,)/K,. Let Ko=U{K,:r rational}. It is easy to see that there is a real
function g defined on B/K, such that ¢ = gm, where 7 is the natural projection
from B to B/K,. Hence F(K,) is ¢-small, and F is V-Cauchy.

The converse is a consequence of two facts which are left for the reader
to verify. (1) N¢B (in the w*-topology) is the inverse limit of {B/K: K
countable, K CB*} under the natural mappings, where each B/K has the
topology of pointwise convergence on K. (2) Each B/K is separable metric in
the above topology. From the definition of the inverse limit and (1), Ro(B)
is a closed subset of the product of the separable metric B/K. Hence, Ro(B)
is w*-real compact (see [7]), and so is B if B=N(B).

REMARK. In any case NoB is the real compactification of B. (See [7] for
this term.) This follows from the above proof as soon as one checks that gis
continuous—which is not immediate, since = need not be a decomposition
mapping.

The last of this sequence of lemmas treats a condition which implies that
B is w-real compact. This condition concerns the unit sphere S* in B*. How-
ever, let X be any topological space. Define seq X to be X under the stronger
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topology derived from the old one by: ECseq X is closed if each point x
which is in the closure of some countable subset of E, is in E. To see how this
property is used, suppose that seq S*=S*, where S* has the w*-topology.
It is clear that, if FEN(B, then F/S* is w*-continuous on S*. Hence, F is
w*-continuous [6, p. 43], and is in B [6, p. 18].

Recall that R(X) is the collection of continuous real functions on X.

LEMMA 10. Let X be a compact space, and let A be uniformly dense sn R(X).
If seq X #X, then there is an uncountable subset of A which is closed in R(X)
and discrete in the topology of pointwise convergence.

Proof. This proof is an extension of the proofs of Eberlein and Grothen-
dieck to situations where one does not have a certain property concerning
countability.

Suppose yoEE~ (the closure of E in X), but yo&'K~ for any countable
K CE. Let %, be some element in E~ (the closure of E in seq X). Let fo€4
be chosen with the property that | fo(x0) — fo(yo)l = 1. This is possible since 4
is uniformly dense in R(X).

By induction one may choose, for each countable ordinal e, f&A4 and
%« CE with these properties. First, l Sa(xy) — f,,(yo)l 21 for y=a, and second
| fy(®arr) —fy(30)| £1/4 for v = . In fact, the only thing to prove is that, for
any countable ordinal «,

() {*€E: |fy(x)—fr(y)| S1/4forySa}=J.

To prove this, first notice that seq X is countably compact, and so E™ is
countably compact. Also, f, is continuous in seq X for each ¥ <e, since it is
continuous in X. Hence (i) must be true because, otherwise, there would be a
countable cover for E~ which had no finite subcover.

Now one can prove that the set of f is the discrete set whose existence is
asserted in the lemma. To do this, suppose that g is in the pointwise closure
of {f.:a@<B}, and suppose that B is the first ordinal with that property.
(One may assume that 8 is a limit ordinal, since the other case is trivial.)
If 35 is a cluster point of the net {x,: @ <8}, one has a contradiction because
of the next sequence of inequalities. First, |f,(zs)— f.,(yo)l <1/4, since
| f(xa) f.,(yo)l <1/4 for y<a and f, is continuous. Next, | Fr(xa) —fr(26) |
=3/4 for y=a, since

lfv(xa) “fv(zﬁ)l 2 |f1(xa) "’f-y(yO)l - |f1(y0) - (f'r(zﬁ)l z 3/4.

Finally, Ig(x,,) - g(zg)l =3/4, since g is in the closure of {f,:y <} and since
B is minimal. However, this is impossible because g was assumed to be con-
tinuous.

These lemmas imply the next theorem. In the statement of this theorem,
B* means the product of 7 copies of B. Notice that the weak topology of B"
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is the same as the product topology derived from giving each copy of B the
weak topology.

THEOREM 4. If B* 1s w-normal for each integer n, then B is w-real compact,
" and the collection of all the neighborhoods of the diagonal tn B? is an admissible
uniformity for B in its w-topology. If B is w-paracompact, then B is w-Lindeldf.

Proof. B in the w-topology can be considered as a closed subspace of
C(S*), where S* is the unit sphere of B* under the w*-topology and C(S*)
has the topology of pointwise convergence. Let 4 be the algebra generated
(algebraically) in C(S*) by B and the constant functions. It wili be proved
that 4 has no uncountable discrete subspace. Assuming this, then seq S*
=S* by Lemma 10. By the remarks preceding Lemma 10, B=R,B, and B is
w-real compact by Lemma 9. To prove the missing step, notice that B* has
no uncountable w-discrete subset, because of Lemma 7 and the fact that B3»
is normal. 4 is the union of continuous images of a countable number of sets
of the form B*X R**!, It is not hard to check that the sets of the latter form
have no uncountable discrete subsets if B* does not, and this property is in-
herited by continuous images and closed under countable unions. Hence 4
has the property.

The rest of the first sentence of the theorem is a consequence of Lemma 6
and the assumption that B?is normal. The last part of the theorem is a repeti-
tion of Lemma 3.

ReMARKS. (1) The reader deserves some explanation for the claims for
Theorem 4 that have been made in the introduction—which are, that it
shows that almost any type of normality for the w-topology of B will, in
most cases, imply that B is w-Lindelof. There are two gaps. First, the assump-
tion that B™ is w-normal would follow from the hypothesis that B is w-
normal if one knew that, for any Banach space E, E? is isomorphic to E.
This was long an unsolved problem of Banach [10, p. 5]. Although it is
now solved in the negative, it is still not known if E? and E are w-homeo-
morphic. Second, it is not true that, if all the neighborhoods of the diagonal
are a complete uniformity for an arbitrary space X, then X is paracompact;
but this was a conjecture of Kelley which was only recently shown to be
false [S].

4. Examples. Let m =m(J) be the Banach space of bounded sequences,
that is, bounded complex functions on the integers J. Let ¢o= Co(J), the set
of x€m which vanish at infinity.

ExaMmpLE 1. (i) The space m is w-real compact, but not w-normal (hence
not w-Lindelsf).

(ii) However, m/co is not w-real compact (hence there is no projection of
m onto ¢, [6, p. 96]).

(iii) If s* is the unit sphere of m* in the w*-topology, then seq s*s*

(however, Ngm =m by (i)).
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Proof. (i) Since P, the product of 8, copies of the unit circle, is separable,
one can suppose that J is the dense subset of P. Hence C(P) is a closed sub-
space of m, and C(P) is not w-normal because P is not metrizable. (See
Theorem 2.) However, m is w-real compact because s* is w*-separable [6,
p. 78], and hence No(m) =m. (See Lemma 9.)

(ii) For each countable ordinal e, let ', be an infinite subset of J such
that I'; CI's\J Fs for @ <B, where F,; is a finite subset of J depending on «
and B, and T's\T'. is infinite. (It is known that this is possible [12].) For each
o, let x, be 1 on T', and 0 otherwise. It will be shown that the net x, w*-
converges to a function FENRm. To do this, recall that each fEm* can be
considered as a function of bounded variation on the subsets of J stich that,
for characteristic functions such as %, f(x,) =f(Ts) [6, p. 30]. Hence one can
check that each f&(m/co)* can be thought of as an fEm* such that f(I') =0
for all finite subsets of J. Since f&Em* is finitely additive, f(x.) =f(I's) Sf(T's)
=f(xg) for «<B and f& (m/co)*. It follows from the properties of the counta-
ble ordinals that f is eventually constant, say F(f). The function F so defined
is a member of N¢m by the same argument, since for any countable set
S, fo, « - inm*, F(f) =fi(xa) for all 4 if « is chosen large enough. However,
FE&'m as will be shown.

For each ordinal o, let U, be a nontrivial ultrafilter in J which is even-
tually contained in Iey1\I'a. Let fa € (m/co)* be defined by fo(T') =1 if U, is
eventually in T, and f,(I") =0 otherwise. Let g be any w*-cluster point of the
net fo. Then

F(g) = lim g(xg) = lim lim fu(s5) = lim lim f.(Tg) = O.
[} B8 @ 8 a

On the other hand, if F were w*-continuous,

F(g) = lim F(fo) = lim lim fa(xs) = lim lim fo(Ts) =
a a 8 a -]

Hence F&E'm, and the proof of (ii) is complete.

(iii) In the proof of (ii), g is in the closure of {f,: @ <@}, but gis not in the
closure of any countable subset of this set.

ExaMPLE 2. As we have seen, it would be interesting to know if BXB is
w-normal whenever B is w-normal. I have not been able even to find two
Banach spaces C and ¢, such that both C and ¢o are w-normal, but C Xce
is not. However, the space C, of complex valued functions on the unit interval
I which are continuous on the right and which have a finite limit on the left
gives rise to an example which is close to the latter situation. Let C be the
continuous functions on I, and let ¢o=C,/C.

(1) The spaces C and ¢y are w-Lindelsf (hence w-normal), but C, is not w-
normal (hence not w-Lindelof).

(ii) There is no projection of C, onto C.
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Proof of (i). C is w-Lindeldf since it is separable. ¢y is w-Lindeldf by
Lemma 1 of §2 because it is isomorphic to the space B of all functions on I
which vanish at infinity—where I is given the discrete topology. Let us check
this last assertion. If ¢ is a point where x is not continuous, then call x(f)
—x(t) a jump of x. It is clear that each coset x4 C of ¢, is uniquely deter-
mined by the jumps of any function in x+C. For each x+C, let ¢ [x+C] be
the function on I defined by ¢[x+C](f) =x(t) —x(¢:-). It is easy to see that
each ¢[x+C]€B Moreover, |lx+C|| —1/2||¢[x+C]|| as may be easily
verified. Since ¢q is complete [6, p. 25], since the collection of ¢[x+C] con-
tains all functions on I which vanish off finite sets, and since thxs collection
is dense in B, ¢ is an isomorphism between B and c,.
To show that C, is not w-normal, define for each {&I the function x; by

) {0 fors <1,
x(s) =
f 1 fort¢ = s.

The collection D= {x,: t€1I} is a closed, discrete subspace of C,, and the
cardinality of D is 2%, If C, were w-normal, there would be 2*®¢w-continuous
real-functions on C,, since every function on D could be extended continu-
ously to C, by using Urysohn’s lemma. On the other hand, one can prove that
there are at most 2®° w-continuous real functions on C,. To do this, notice that
the adjoint of ¢ is of cardinality 28° and the adjoint of C is of cardinality
2R, Hence the adjoint of C, has this cardinality because co=C,/C. We have
seen in the proof of Lemma 9 that each w-continuous f on a Banach space B
is determined by a countable subset K* of B* in the sense that f(x) =f(y)
whenever I(x) =I(y) for all IEK*. Moreover, if g is the function on B/K*
which is associated with f (see the remark following Lemma 9) then g is con-
tinuous, and there are at most 2®¢ such g for each choice of K*. This gives us
the desired contradiction, since there are only 280 of the K*.

Proof of (ii). If C were a projection of C,, then it is easy to check that C,
would be isomorphic to CXco. Hence C, in the weak topology would be
homeomorphic to CXc¢, in its weak topology. This is impossible because C,
is not w-normal as we have just seen, while CXc¢, is w-Lindelsf. (CXc¢, is
isomorphic to the collection of all the functions which vanish at infinity on
the union of two copies of I, one with the usual topology and one with the
discrete topology.)

ExAMPLE 3. Let X be the space of countable ordinals under the order
topology. If Co(X) is as above, then there is a collection X of closed spheres in
Co(X) with c.i.p. and with NX=.

Proof. For each a€ X, let x,(8) =0 if 8>a, and let x.(8) =1 if 8 <a. De-
fine K, as the set of x € Co(X) such that ”x - x.," =< 1/2. Then
NMKe:i=1, 2, \ % f, since (1/2)xs is in each K, if
Bzsuplai:i=1,2, - }. However, if sE€NXK, then z(a) =1/2 if >0, as
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rﬁay be easily verified. Therefore, 3&’Co(X), since z does not vanish at in-
finity.
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